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1. Introduction
$X$ 4 . 2
$H_{2}(X, \mathbb{Q})$ (& $H_{2}(X, \mathbb{Q})arrow \mathbb{Q}$
(#{ }\dashv { }) , 4
$X$ Sign(X) , Hirzebruch
,
$\mathrm{S}\mathrm{i}\mathrm{g}\mathrm{n}(X)=\frac{1}{3}7P_{1}$ .
, $P_{1}$ Pontrjagin . , Sign(X)
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FACT. $d$ $\overline{X}arrow X$ , $\mathrm{S}\mathrm{i}\mathrm{g}\mathrm{n}(\overline{X})=d$ . Sign(X).
, - , $X$
, .
, Hirzebruch $j$
1(Atiyah-Patodi-Singer). $X$ 4 , $\partial X=$
$\mathrm{Y}$ . :
$\eta$ (Y) $= \frac{1}{3}\int_{X}P_{1}$ -Sign(X).
, $\eta(\mathrm{Y})$ 3 $\mathrm{Y}$ $\eta$- (
) , $(X, \mathrm{Y})$
Sign(X, Y) ( Sign(X) ),
$A$ : $H_{2}(X)arrow H^{2}(X,\mathrm{Y})--arrow H^{2}(X)\cong H_{2}(X)^{*}\underline{\simeq}$
Sign(X) $=\mathrm{S}\mathrm{i}\mathrm{g}\mathrm{n}(A)$ .
, \eta -
. $L^{2}$ - ,
.
$\Gamma$ $[\Gamma : \Gamma_{k}]<\infty,$ $\cap k\Gamma_{k}=\{1\}$ $\Gamma\triangleright\Gamma_{1}\triangleright$
$\Gamma_{2}\triangleright\cdots$ . $\pi_{1}Xarrow\Gamma$ r-
$(\overline{X}, \overline{\mathrm{Y}})arrow(X, \mathrm{Y})$ .
$H_{2}$ (X) $L^{2_{-}}$ $H_{2}^{(2)}(\overline{X})$ ,
$\Gamma-$
$\overline{A}$ : $H_{2}^{(2)}(\overline{X})arrow H_{2}^{(2)}(\overline{X})^{*}\cong H_{2}^{(2)}(\overline{X})$
. ,
127
. $A$ , $\overline{A}$ $H_{2}^{(2)}(\overline{X})$
$H_{2}^{(2)}(\overline{X})=$ (positive) $\oplus$ (kernel) $\oplus$ (negative)
, $\Gamma$- $\overline{X}$ $L^{2}$- Sign(2) $(\overline{X})\in \mathbb{R}$
Sign(2) $(\overline{X})=\dim(\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e})-\dim$ (negative)
. , $\dim(2)\in \mathbb{R}$ von Neumann .
$\iota$
, $X_{k}=\overline{X}/\Gamma_{k}arrow X$ $\Gamma/\Gamma_{k}$- . , Liick-Schick [7]
-
$\underline{\acute{\mathrm{k}}\text{ }2}$. Sign(2) $( \overline{X})=\lim_{karrow\infty}\frac{\mathrm{S}\mathrm{i}\mathrm{g}\mathrm{n}(X_{k})}{[\Gamma\cdot\Gamma_{k}]}.\cdot$
$L^{2}$ - ,
“ ” . , L\"uck-Schick
L2-
Sign(2) $( \overline{X})=\frac{1}{3}\int_{X}P_{1}-\eta^{(2)}(\overline{\mathrm{Y}})$
( $\eta^{(2)}(\overline{\mathrm{Y}})$ von Neumann $\eta$- ) ,
\eta - -
3(L\"uck-Schick[7], Vaillant [11]). $\eta^{(2)}(\overline{\mathrm{Y}})=\lim_{karrow\infty}\frac{\eta(\mathrm{Y}_{k})}{[\Gamma.\Gamma_{k}]}.\cdot$
. Vafllant [11] X $=\mathrm{Y}$ 4 $X$ ,
-
$\eta$- ( 3) ,
von Neumann r . ,
[6] , 3
von Neumann $\rho-$ , -Mumford Rochlin
.
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2. A formula of $\rho$ (2)
3 $\mathrm{Y}$ ,
$\mathrm{Y}$
$\eta$- $\eta(\mathrm{Y})$ Cheeger-Gromov [3] ,
1 $e^{-\Delta t}$
$\eta$(Y)$-= \frac{1}{\sqrt{7\Gamma}}\int_{0}^{\infty}t^{-1/2}\mathrm{t}\mathrm{r}(.*de^{-\Delta t})dt$
. , $\mathrm{Y}$ $\Gamma$- $\overline{\mathrm{Y}}$













$\mathrm{Y}$ $\Gamma$- –Y , $\mathrm{Y}$ von Neumann r
, $\rho^{(2)}(\overline{\mathrm{Y}})$ , $\gamma$ : $\pi_{1}\mathrm{Y}arrow$
$U$(k) $\eta$- k $\rho=\eta_{\gamma}-k\eta$
-
, $\mathrm{Y}$ $S^{1}$ - $\Sigma_{g}$
$g$ (\geq 1) , $\mathcal{M}_{g}$ $\pi_{0}\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}_{+}\Sigma_{g}$
. $\mathcal{M}_{g}$ $\varphi$ , $M_{\varphi}$
$M_{\varphi}=\Sigma_{g}\mathrm{x}\mathbb{R}$/(x, $t$) $\sim(\varphi(x),t+1^{\cdot})$
. $p:\pi_{1}M_{\varphi}arrow\pi_{1}S^{1}\cong \mathbb{Z}$ \sim $\overline{M}_{\varphi}$
, -
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$\underline{\text{ }\mathrm{f}\mathrm{f}\mathrm{l}5}$. $\rho^{(2)}(\overline{M}_{\varphi})=-\lim_{karrow\infty}\frac{1}{k}\sum_{i=1}^{k-1}$sign$($ \mbox{\boldmath $\varphi$}, $\varphi^{i})$ .
, $\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}\in Z^{2}$ (Sp(2g, $\mathbb{Z}$), $\mathbb{Z}$) Meyer [8]
, $\mathcal{M}_{g}arrow \mathrm{S}\mathrm{p}(2g, \mathbb{Z})$ $\mathcal{M}_{g}$
. , sign(a, $b$)
$a,$ $b$ , $ab\in \mathcal{M}_{g}$ .
5 $\mathbb{Z}$ $\mathbb{Z}\triangleright 2!\mathbb{Z}\triangleright 3!\mathbb{Z}\triangleright\cdots$ 3
, $\eta$- 2 [1]
[9] - , $|\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}|\leq 2g$
([2] ).
6. 1 , $A\in \mathcal{M}_{1}\cong SL(2, \mathbb{Z})$ 3 .






[9]. , $\varphi\in \mathcal{M}_{g}$
$\rho^{(2)}(\overline{M}_{\varphi})=0$
(ii) $(|\mathrm{t}\mathrm{r}A|=2)$ . $A_{b}=(\begin{array}{ll}1 b0 1\end{array})(b\in \mathbb{Z}.)$ ,
$\rho^{(2)}$ ( $A_{b}$ ) $=-\mathrm{s}\mathrm{g}\mathrm{n}(b)$ .
(iii) $(|\mathrm{t}\mathrm{r}A|>2)$ . $A$ , 1 Meyer
$\phi$ : $SL(2, \mathbb{Z})arrow(1/3)\mathbb{Z}$ $\phi(A^{k})=k\phi(A)$ ,




7. $\mathrm{I}_{g}=\mathrm{K}\mathrm{e}\mathrm{r}\{\mathcal{M}_{g}arrow \mathrm{S}\mathrm{p}(2g, \mathbb{Z})\}$ $\varphi$ , $\rho^{(2)}(\overline{M}_{\varphi})=0$ .
Meyer Sp(2g, $\mathbb{Z}$)
3. Morita-Mumford class and Rochlin invariant
-Mumford $e_{1}$ ,
$0arrow \mathbb{Z}arrow \mathcal{M}_{g,1}arrow \mathcal{M}_{g,*}arrow 1$
Euler 2 $\mathcal{M}_{g}$ 2
[10]. , $\mathcal{M}_{g,1}$ $\mathcal{M}_{g,*}$ 1
, $\mathbb{Z}$
,
, $\text{ }$ $e_{1}\in H^{2}(\mathcal{M}_{g}, \mathbb{Z})$
- , $f$ : $\pi_{1}S^{1}arrow \mathcal{M}_{g}$ , $f^{*}e_{1}$
, $H^{2}$ (S1, $\mathbb{Z}$) $=0$ ,
Fact , $H_{b}^{*}$ ( $[5]$ )
$f^{*}e_{1}$
FACT ([4], [6]).
(i) $H_{b}^{2}(\mathbb{Z}, \mathbb{Z})\cong H^{1}(\mathbb{Z}, \mathbb{R}/\mathbb{Z})\cong \mathbb{R}$ / $\mathbb{Z}$ .
(ii) $e_{1}=-3[\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}]$ . , $e_{1}$ .
, [6] $f^{*}e_{1}/48$ $H_{b}^{2}$ $($Z, $\mathbb{Z})$ ,
3 Rochlin $\mu$ -
Rochlin , Q/\sim .
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3 $(\mathrm{Y}, \alpha)$ , $\partial X=\mathrm{Y}$ $\beta|Y=\alpha$ 4




. Rochlin , $\mu(\mathrm{Y}, \alpha)$ 4 $(X, \beta)$
.
8(Kitano). $f$ : $\pi_{1}S^{1}arrow \mathcal{M}_{g}$ , $\varphi=f$ (1) .
$f^{*}e_{1}/48\in H_{b}^{2}($Z, $\mathbb{Z})$ $\mathrm{I}_{g}$ Rochlin $\mu(M_{\varphi}, \alpha)\in H^{1}(\mathbb{Z}, \mathbb{R}/\mathbb{Z})$
.
, $\alpha$ $\Sigma_{g}$ $M_{\varphi}$
, -Mumford
2
$\mathcal{M}g(2)=\mathrm{K}\mathrm{e}\mathrm{r}$ { $\mathcal{M}_{g}arrow$ Sp(2g, $\mathbb{Z}$/2 $\mathbb{Z}$)}
, von Neumann k .
9. $\mathcal{M}_{\mathit{9}}$ (2) $f^{*}e_{1}/48$ $\mu(M_{\varphi}, \alpha)-\frac{1}{16}\rho^{(2)}(\overline{M}_{\varphi})$ .
, $\mathcal{M}_{g}$ (2)
5 $e_{1}/48$ $\mu$ , 9
-. von Neumann k
. , $\mathrm{I}_{g}$ $\rho^{(2)}$ ( 7) ,
( 8) .
. ( $M_{\varphi}$
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